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Abstract 
In this paper nonlinear Z, control for a class of two- 
block interconnected systems is investigated. The situ- 
ation where the regular nonlinear E,  suboptimal con- 
trol problem is solvable for one of the blocks is consid- 
ered An auxiliary nonlinear system is defined from the 
original two-block system, and it is shown that a feed- 
back solution to the nonlinear ZFt, suboptimal control 
problem for this auxiliary system, also applies to the 
nonlinear 31, suboptimal control problem for the orig- 
inal two-block system. The advantage of the auxiliary 
problem to the original problem is that the auxiliary 
penalty variable has lower dimension than the original 
penalty variable. 
1. Introduction 
In [1] decomposition ideas from linear theory were 
used to solve the (singular) nonlznear E ,  problem. 
Also in [2] a decomposition idea was used. In this pa- 
per we will show that the results obtained in [3]  for the 
totally singular case, can be extended to a more general 
situation. 
The system under consideration is an affine nonlinear 
system, which we will denote by C, given by state space 
equations of the form 
X = f(x) + g(.)U + k ( z ) d ,  f ( x o )  = 0 
z = h ( z ,  U), h(xo,O) = 0 (1) 
C :  { 
where x = [ X I , .  . . , xnIT are local coordinates for an 
n-dimensional state space manifold X ,  U E R" is the 
control input, d E R' the disturbance input and z E Rs 
the penalty variable. f, g ,  k and h are all Ck with 
k 2 2. We will assume that there exist local coordi- 
nates x = [x', . . .xY, xY+l,. . . , x"IT, 1 6 q < n, such 
that f, g ,  k and h take the form 
for c1 = [d,. . .&]IT and 2 2  = [cq+l,.  . ~cn]IT. More- 
over, z1 E R"', 22 E Rsz,  and z3 E Ets3 ,  where s1 2 l 
and s = s1 + s2 + s3. Thus, C can be viewed as a two- 
block interconnected system where the system blocks 
are two general nonlinear systems: a system C1 where 
X I  is the state, z1 is the output and ( zz ,d )  are the in- 
puts and a system & where 22 is the state, 22 is the 
output and ( U ,  2 1 ,  d )  are the inputs. 
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We will now state the problem that we want to con- 
sider in this paper. 
Problem 1.1 Let y be a fixed positive constant. Solve 
the state feedback nonlinear 'H, suboptimal control 
problem associated with the system C ,  i.e. find a non- 
linear static state feedback 
U = a(.), a(x0)  = 0 (2) 
such that the closed loop system (l), (2) has & - g a m  
5 y from d to z .  
Now, consider the system C and define the pre- 
Hamiltonian IC7 : T * X  x Em x R' -+ R as 
&(x,JJ, U ,  d)  = PT(f(Z) + 9 ( X ) U  + k ( x ) d )  
1 1 
2 - p Z d T d +  - z T z  ( 3 )  
where z = [x', . . . , x"IT, p = [pi, . . . ,pnIT are natu- 
ral coordinates for the cotangent bundle T ' X .  For the 
sake of completeness, we will write down the following 
well-known result (cf. [4]). 
Proposition 1.1 Consider the closed loop system (l), 
(2). Suppose that there exists a non-negative C1 solu- 
tion V : X -+ Rf t o  the differential dissipation inequal- 
it y 
I f 7 ( z ,  Vz(x), a(.), d )  5 0, V ( x 0 )  = 0 ,  for all d E R' 
Then the state feedback (2) solves Problem 1.1. More- 
over, if the closed loop system ( I ) ,  (2) is zero-state ob- 
servable with x o  as the zero-state (i.e. z ( t )  = 0 ,  d ( t )  = 0 
implies that x t )  XO), then V ( x )  > 0 for all x # 2 0 ,  
when d ( t )  F 0.  I f  V(z) is proper, then xo is a glob- 
ally asymptotically stable equilibrium when d ( t )  = 0 .  
2. Main Results 
(4) 
and x o  is a I ocally asymptotically stable equilibrium 
For the derivation of our main results in this section 
the following assumption will be instrumental. 
Assumption 2.1 Consider the two-block intercon- 
nected system C given b y  (1). Let XI be the subman- 
ifold of X with local coordinates [xl,. . . , xY]*. Then 
there exists a non-negative C" (k 2 v 2 2 )  solution 
P : XI -+ R+ to  the Hamilton-Jacobi inequality 
Pz1(21)fl(.1) + 
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where zo = [ z ~ , ~ ,  T z&,]~. 
In consequence of Assumption 2.1, the regular nonlin- 
ear 'H, suboptimal control problem associated with the 
subsystem 
is solvable when 2 2  is regarded as the control input. 
The CW-' state feedback solution is then given by [4] 
2; = -g:(+J:(zl) (7) 
Motivated by the results in [l], we will now use this 
fact to define an auxiliary nonlinear system from the 
original two-block interconnected system C. The aux- 
iliary nonlinear system, which we will denote by 2, is 
again an affine nonlinear system given by state space 
equations of the form 
i = I(.) + S@)U + k ( z ) d ,  f(z0) = 0 
z = h(z ,  U ) ,  h(z0,O) = 0 2 :  { 
where 
1 d =  d -  d * ,  d* = -kT(zl)P,T,(~l) 
Y2 
Inserting (15) in (14) then gives (13) since Pz,(zl) = 0. 
We are now ready to state our main result which is 
an immediate consequence of the last lemma. 
Theorem 2.1 Suppose that the statac state feedback 
U = a ( z ) ,  a (x0 )  = 0 (16) 
solves the nonlanear 3t, suboptamal control problem for 
the auxalaary system c an the sense that there exasts a 
non-negatave C1 solutaon W : X ---i R+ t o  the dageren- 
taal dassapataon anequalaty 
KrY(x, w ~ ( z ) ,  a(.), 2) 5 0, ~ ( z o )  = 0, for all d e  W' 
(17) 
Then the state feedback (16) also solves Problem 1.1 
and the dafferentaal dassapataon anequalaty 
I ( r ( z ,  VT(z), CY(.), d )  5 0, V(z0) = 0 ,  for all d e R' 
(18) 
(8) holds f o r  the non-negatave C1 functzon V : X 4 R+ gaven b y  V = W + P .  
Remark 2.1 It as easy to see that systems that admit 
(') the followang decomposatron 
Using the Hamilton-Jacobi inequality ( 5 )  the following 
Lemma 2.1 Let L E R"-and .? E R"-"' denote the 
penalty varaable of C and C respectavely. Then the fol-  
lowang anequalaty as satasfied 
lemma can be easily proven. kp-1  = f p - l ( Z 1 , .  . . , z p - 1 )  
+ g p - 1 ( 2 1 , .  . ' , "p-1)zp-1 
+gp( .1 , .  . 9 .p)U 
- t k p - l ( z l , * .  * ,.p-l)d 
x p  = f P ( Z l , . . .  , z p )  (19) 
1 - T -  
j z  z 2 P $ ' ( Z l ) ( f l ( Z l )  +91(+2)  - tkp( . l , .  , zp)d 
h l ( X 1 )  
1 1 
Our main result relies on the next lemma. z - 
h2(x,,z,) ] + ~ I I ~ T ( ~ 1 ) P : ( ~ 1 ) 1 I 2  + jZT" (12) 2Y 
- 
Lemma 2.2 Let KrY and I?., denote the pre- h p ( Z l , . . .  , . p )  
Hamaltonaan of C and 2 respectavely. Then at follows 
(13) 
zpi-1 h p + l  ( z 1  , . . . , z p ,  U )  
are candadates for recursave use of the results in  Theo- that 
& ( Z , P + P , T ( z l ) , U , d )  I I(,(.,P,U,4 rem 2.1. 
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